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Scaling in the Ideal Bose
Gas
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We have made a detailed study of scaling in the ideal Bose gas in order to
resolve the apparent inconsistencies that occur in the scaling laws when the
dimensionality of the system is greater than four. We have found that there
are not one, but two critical exponents associated with the specific heat
singularity that appear in the scaling laws. We have proposed a modification
of the scaling laws which is correct in any dimension.
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1. INTRODUCTION

The scaling hypothesis,®~-2 which has been highly successful in providing a
unified approach to the study of equilibrium critical phenomena, predicts
certain relations among the critical point exponents. These relations, known
as the scaling laws, can be divided into two categories: those relations that
are dependent on the dimensionality 4, and those relations that are indepen-
dent of dimensionality. The validity of the dimensionality-dependent laws
has sometimes been questioned because of apparent inconsistencies which
occur in the ideal Bose gas (or, almost equivalently, in the spherical model),
when the dimensionality is greater than four, and because numerical studies
show that the critical exponents in the three-dimensional Ising model may
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fail to satisfy these dimensionality-dependent laws. In this paper we will only
be concerned with the breakdown of scaling when d > 4.

The inconsistencies at d > 4 have been considered by other authors.
Stell®® has proposed a theory of weak scaling in which he argues that the
breakdown of scaling in higher dimensions can be interpreted as the emer-
gence of a second correlation length. By introducing a parameter into the
scaling relations which describes the behavior of the second correlation
length, he is able to make the scaling laws consistent in all dimensions.
Domb®® has suggested that the scaling law dv = 2A + y (the critical point
exponents », A, and v will be defined below), which relates the behavior of
correlations to the behavior of thermodynamic functions in the critical
region, is an approximation rather than an exact relation and that this
approximation becomes worse as the dimensionality increases.

In order to resolve the inconsistencies in the scaling laws when the
dimensionality is greater than four, we have made a detailed study of scaling
in the ideal Bose gas. We have chosen to study this particular model, which is
virtually equivalent to the spherical model in its properties near the critical
point, because it is one of the few models possessing a first-order phase
transition which is exactly solvable in all dimensions. It is also a model for
which the scaling relations hold exactly when d < 4 but for which the scaling
relations break down when d > 4.

In this paper our approach will be to consider the physical arguments
that have been put forth as a basis for scaling and which predict the scaling
relations.® We will then examine the validity of these arguments, compare
them in detail with the known properties of the Bose gas, and see why they
are inapplicable when d > 4. We will then propose a modification of the
scaling laws which is in accordance with what we have learned from the ideal
Bose gas, and is consistent in all dimensions.

The critical exponents that we will use are defined in Table I and the
scaling relations that we will discuss are listed in Table I1. Since these relations
are not all independent, one can examine an independent subset from which
the others can be derived. We have chosen to study the subset consisting of
the first four relations primarily because each one of them may be obtained
from basic theoretical arguments. The fifth relation, which is a dependent
relation, is also derivable on the basis of a theoretical argument and will also
be examined in detail.

In Section 2 we will describe the physical arguments that underlie the
first five scaling relations on Table I and in Section 3 we will review those
properties of the ideal Bose gas that are necessary for our discussion. Readers
familiar with the scaling arguments and with the ideal Bose gas may proceed
to Section 4, where we apply these arguments to the ideal Bose gas.

8 We will not discuss scaling from the renormalization-group point of view.
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Table |I. Definition of Critical Exponents®

Exponent Definition

o Cp~17" t—0+,h=0

B me~ (—t)f t — 0—, coexistence curve
3 h ~ |m|® sgn(m) tr=0

y xr ~ 177 t—>04+,h=0

v E~t? t—=0+,h=0

7 G(r) ~ p-@-24m r—, =10

A OF |oh ~ (—1)~° t—0—,h=0

@ Here m is the magnetization, 4 is the magnetic field, 7 is the
reduced temperature, C, is the specific heat at constant field,
xr 18 the isothermal susceptibility, £ is the correlation length,
G(r) is the pair correlation function, and & is the Gibbs free
energy.

2. THE THEORETICAL ARGUMENTS WHICH PREDICT THE
SCALING RELATIONS

We will now review the general theoretical arguments that have been
used in the past to justify the first five scaling relations on Table I. In de-
scribing these arguments we will switch back and forth between fluid language
and magnetic language (see Ref. 7), depending on what is the most convenient
way to state these arguments and what relates most directly to the Bose gas.

2.1. The Relations § =1 + y/B and « + 28 + y = 2; Homogeneity
or Scaling Hypothesis for the Free Energy

The scaling relations 8 = 1 + y/8and « + 28 + y = 2 may be obtained
from a homogeneity or scaling hypothesis for the thermodynamic free
energy.®~” The hypothesis is that the singular part of the free energy becomes
a generalized homogeneous function of the magnetic field # and the reduced
temperature ¢ in the vicinity of the critical point. Recall that a generalized
homogeneous function is defined™ as one which has the following property:

J%x, Ay) = Xf(x, y)

Table ll. The Scaling Relations

1. 8=1+y/B 5. dv—y =28

2. e+ 284+ y=2 6. v(d—2+ ) =28

3. @-qp=yvy 7. 2—9=d@ - DG+ 1)=dy/28 + ¥
4, dv=2—« 8, d—2+7=2d(8+1)=2dB|2 — &)
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It can be shown that if fis a generalized homogeneous function of its variables,
then it may be written in the form

The homogeneity hypothesis says that if we take the free energy and subtract
off all nonsingular terms, then the remaining part F(h, t) will have the
following form near the critical point:

Fh, 1) = t"F(%) - h"’“F(hf,a) ()

where ¢ and p are numbers and F is an undetermined function. From this
we can obtain homogeneous forms for the magnetization, susceptibility, and
specific heat by differentiating with respect to the appropriate variable:

M(h, t) = 0F(h, t)[oh
x(h, 1) = 2F(h, 1)|0h*
C(h, t) = 02F(h, t)[oT?

We can then determine the exponents o, 8, y, and 8 in terms of p and a by
comparing the resulting forms with the exponent definitions (see Table I).
If we eliminate p and @ from our expressions for the exponents, we obtain the
scaling relations

8 =1+ (y/B), c+28+y=2

It is important to keep in mind that the specific heat exponent which
enters this second relation is defined as

82

—972 [‘g;(hs t) - g/-’;cnsingular (h> t)] ~ 7% (2)

where # is the free energy and &, pgneuwar 1 the nonsingular part of the free
energy. Here we have put a subscript /# on the exponent e in order to remind
ourselves that this exponent is associated with a homogeneity argument.
When the specific heat exponent is defined in this way, the second scaling
relation will be satisfied if #(h, 1) is a homogeneous function of its variables.
To emphasize this, we may rewrite the second scaling relation as®

¢ Strictly speaking, these two scaling relations should be o + 28 + 5 =2 and
& = 1 + 9’|, where a prime indicates that the exponent is defined for T < T,. How-
ever, a consequence of the homogeneity hypothesis is that the exponents above and
below T. must be equal, so that the relations as they are written without the primes are
correct. One exception that might occur is that the second derivative with respect to. &
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It is also worthwhile noting that there are a number of equivalent ways
of formulating a homogeneity hypothesis for the thermodynamic variables
and thereby obtaining these relations.*~® In particular, it can be shown that
if the magnetic field is a homogeneous function of the magnetization and
reduced temperature, then the first two relations will be satisfied.

2.2. The Relation y = (2 — n)v; Homogeneity Hypothesis for the
Correlation Function

The relation y = (2 — n)v can also be derived on the basis of a scaling or
homogeneity hypothesis.*? This homogeneity hypothesis concerns the pair
correlation function G(r, ¢) in zero field and says that G(r, ¢) is a generalized
homogeneous function at large distances and in the vicinity of the critical
point, and therefore that it may be written in the scaling form

G(r, 1) ~ r=@-2+Mg(yp[£), r>»r 3)

where ¢ is the correlation length, ¢ ~ 7%, r, measures the range of the
dominant interactions, and the function g(r/¢) satisfies certain conditions.®
To obtain the relation y = (2 — 5)v, we note that the susceptibility is given by

X = f G(r, t) dr

where dr is a volume element and the integral runs over all space. Since the
susceptibility diverges as the critical point is approached and the integrand
G(r, t) is bounded, we can conclude that the dominant contribution to the
integral comes from the behavior of G(r, ) at large distances. But then G(r, 1)
in the integral may be replaced by its asymptotic form [Eq. (3)] and the result
is an asymptotic formula for y that holds in the neighborhood of the critical
point. It is found that

x ~ &2
which implies that
y=0C -7y

This is often referred to as Fisher’s relation.

of the function F(k/t?%) in Eq. (1) is identically equal to zero for T < T, and is variable
for T > T.. In this case the exponent 9" would not be defined. This is, in fact, what
happens in the ideal Bose gas when d < 4. One still expects, however, that the relations
on + 28+ y =2 and 8 =1+ y/B will be satisfied, although this will not be
guaranteed.

5 The conditions are that g(0) be finite and nonzero and that g(x) ~ x:@-®+7g-* a5
X — 00,
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2.3. The Relationdv =2 — «

The theoretical arguments®® that are usually cited as justification for
this relation are the following: The approach to the critical point is charac-
terized by a divergence in &, the correlation range of spontaneous density
fluctuations, and by a divergence in C,, the specific heat at constant volume.
It is reasonable to assume that these two phenomena are closely related and
share a common origin. This assumption leads to the conclusion that the
free energy density associated with a divergence in ¢ should have the same
magnitude as the free energy density associated with the divergence in C,.
It is further assumed that the free energy associated with the divergence in C,
is proportional to #2-* and that the free energy density associated with the
divergence in ¢ is proportional to kT}&% Since ¢ diverges as ¢ ¥ near the
critical point we obtain the relation dv = 2 — «. This is called the hyperscaling
relation,

2.4. The Relation dv = y + 28

This relation can be derived by combining the first four relations in
Table II. It is of interest, however, because it can also be derived indepen-
dently on the basis of general theoretical arguments®#® which we now describe.
We consider a subvolume v in the interior of a bulk homogeneous fluid which
is in equilibrium with its conjugate phase near the critical point. It is postulated
that density fluctuations of the order of the density difference between the two
equilibrium phases occur with high probability when the size of the sub-
volume becomes equal to 2. This implies that the mean-square fluctuation in
the volume &7 is given by

(Apee)? ~ |py — pg|? ~ 175 “

where p, and p, are the densities of the two phases in equilibrium and 8 is the
exponent describing the shape of the coexistence curve as defined in Table 1.
An alternative calculation of the mean-square density fluctuation yields the
fifth relation as follows: The mean-square density fluctuation can be obtained
in terms of the pair correlation function G(r, t) by assuming that the equation

(A = (119 [ GO, 1) dr = KTy

is correct even when v is the microscopic volume £%. The resulting expression
(Apg)? will be asymptotically correct in the neighborhood of the critical
point and gives

(Aps)? ~ 1807



Scaling in the Ideal Bose Gas 163

Comparing this with Eq. (4) gives
2B=dv—v
which is the fifth relation.

3. THE THERMODYNAMIC PROPERTIES OF THE IDEAL BOSE
GAS

The thermodynamic properties of the ideal Bose gas in the neighborhood
of its transition have been studied in detail by Gunton and Buckingham,®4:%
who viewed the condensation as a cooperative transition. They introduced an
order parameter called the Bose moment ,, which is equal to the square
root of the density of particles in the gound state (the condensate), and an
ordering field p,, called the Bose field, which is the intensive variable con-
jugate to the Bose moment. The Bose moment and Bose field are analogous
to the magnetic moment and magnetic field of a system which undergoes a
ferromagnetic phase transition. As in the ferromagnetic case, the transition
takes place only in zero field.

We will first review Gunton and Buckingham’s derivation of the critical
exponents from the asymptotic behavior of the equation of state in the neigh-
borhood of the transition. These critical exponents for the Bose gas along
with their definitions are listed in Table 111. We will see that this set of expo-
nents, which comes from an exactly soluble model, does not satisfy the scaling
relations when d > 4. This will lead us in Section 4 to examine more closely
the physical arguments which led to these scaling relations.

Gunton and Buckingham found that the pressure of the ideal Bose gas is
given by

P, po, T) = —po’lp + (BAY) "' Fya41(—Bp) )
where u is the chemical potential and A? = (2rh/mkT)". The function F is

Table lil. Critical Exponents of the Ideal Bose Gas

Exponent  Definition Conditions d< 4 d> 4
at Chye ~ 175 t—>0+,p =0 -4 —-dd—-—2) —(d-— 42
B o~ (—t) t—0+, I 3
coexistence curve
8 po~ 9’ t=0 @+ 2))d-2) 3
y  x = kT o/, t—>0+, po =0 2/(d - 2) 1
v g~ t—0+4,pu, =0 1/(d — 2) 3
7 Ge(r) ~r @20y 50 t=0,u =00 0

o The critical exponent «; is more explicitly defined in Eq. (12).
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defined by
F(x) = i n-% ", x=0
n=1
and has the following asymptotic expansion when its argument is small*®:
F,(x) =T — o)x°" + i (= D™(c — n)x"/n! 6)
n=1

where { is the Riemann zeta function. They also found that the Bose moment
is given by
ho = —polp ™)

and the density is given by
p = (o/1)? + (T[Te)¥?Fyya(— Bu) [ Fu2(0) (®)
where the critical temperature T, is a function of
ps Te(p) = 2mh?[mk[p~*Foi(0)P

Equation (8) is a conservation equation for the density, with ue?/u® = ¥o®
representing the density of particles in the ground state. The equation of state
is found by solving this equation for po(i¥,, 7') and it can be shown that a
transition occurs only when g, = 0, as shown in Fig. 1. If we compare Fig. 1
with the phase diagram of a ferromagnet in the 4~ plane, we can see that an
obvious analogy exists between the two systems.

v A

Ho=const <O

Fig. 1. The equation of state of the ideal Bose gas is shown schematically in the tem-
perature~density plane. The overall density p is fixed at a constant. This is analogous to
the phase diagram of a ferromagnet, with the Bose moment and Bose field being analo-
gous, respectively, to the magnetic moment and magnetic field.
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Near the transition point where pq, o, g, and ¢ = [T — T.(p)|/T.(p)
are small, the known expansions of the function F [Eq. (6)] are used to obtain
the asymptotic behavior of the equation of state. The equation of state will
depend on whether d is less than, equal to, or greater than four as follows:

%dt + P—1¢2)2I(d—~2)’ d< 4
polkTaby ~ { Gt + p~HA)Inhdt + p" 4™, d=4 (9
tdr + p7 ), d>4

Gunton and Buckingham also calculated the Bose moment correlation
function Gy(r, t) and found that it has the following form for large r and in
the vicinity of the critical point (large £):

Ga(r, 1) ~ r™ @ P(r[E) VDK 4y, 1(r/€) (10)

where K is a Bessel function of the second kind and ¢ is the correlation
length and is identified as

£ = (=Bw~"2 = (Brolpo)** (1n

The critical exponents found by Gunton and Buckingham are sum-
marized in Table III. They are all defined for fixed density, and with the
exception of 8, for T > T,. When the dimensionality is less than four the
exponents are dimensionality dependent but when the dimensionality is
greater than four the exponents (with the exception of «;) become dimen-
sionality independent and take on their mean-field values. When d = 4 the
exponents are the same as for d > 4 but there are also logarithmic factors
to be considered. In this paper we will not discuss the borderline dimension
d=4.

The specific heat C, ,, remains finite as # — +0 but one of its tempera-
ture derivatives may diverge as f — +0. Accordingly, the exponent « is
defined such that the first temperature derivative of C, ,, to diverge is the
mth one, with

omCloT™ ~ %™ (12)
Thus «; characterizes the dominant singularity in the specific heat, and

corresponds to the usual definition of the specific heat exponent when «; is
positive.

4. THE APPLICATION OF THE SCALING ARGUMENTS TO THE
IDEAL BOSE GAS

We may now ask to what extent the scaling relations are satisfied by the
set of exponents listed in Table III for the ideal Bose gas. If we substitute
these values for the exponents into the first four relations on Table II, we see
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that they are all satisfied when the dimensionality is less than four but that
when the dimensionality is greater than four the second relation no longer

holds, i.e.,
o, + 28 + oy £ 2 when d > 4

for the ideal Bose gas. Naturally the remaining relations in Table II, which
can be obtained by combining relations 1-3 with 4, will not be satisfied when

d> 4.
An examination of the equation of state for the Bose gas, Eq. (9), reveals

that is has a homogeneous form and that therefore the relations 8 = 1 + (y/f)
and «, + 28 + y = 2, where «, is defined in Eq. (2), must be satisfied. The
relation & = 1 + (y/B) is satisfied by the Bose gas in all dimensions. Since
oy + 2B + y # 2 when d > 4 in the Bose gas we must conclude that

oy, # o when d > 4

and that
o = o when d < 4

In order to'see why «; and «, are different when d > 4, we must look at
the free energy of the ideal Bose gas in the neighborhood of the critical point.
We consider the free energy

‘g,.(:oa Ko T) = P({“‘: Mo T) - PH

and hold the density fixed so that it becomes a function only of the Bose
moment and temperature. This free energy is analogous to the free energy
per spin F(h, t) of a magnetic system in the sense that it has analogous
variables but with renormalization of exponents because of fixed p.*™ It may
be expanded near the critical point in terms of the inverse correlation length
by using Eqs. (5), (6), and (11),

F(ps o, T) = Flpo, T) ~ potbo + (BA)E~T(d[2) + {(d[2)
+ 2 (=1reQ3d — 1~ m)jn!]
+ (BA) @A) — 11672
or, more simply,

Fluo, T) ~ pobo + (BA9)~const + O(¢7%) + O(£7%) + O(£72%)
+ O(£75) + -]

It can easily be shown that the term ~ ¢~2¢ is no larger than the term ~ ¢4,
In order to determine the exponent «, for the Bose gas, we must calculate
the second derivative of the quantity F#(ug, T) — Fropsinguarltto, T) and
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evaluate it along the critical isochore (since we are calculating C, ,, at u, = 0).
Near the critical point

37(,1,0, T) - 'g’;onsingular ~ (Bhd)_l[f—d + 5—4 + ]
~ [ (po[t?) + 1*f3(po[t?)] (13)

to leading order, where f; and f; are functions which are finite at oo and
where we have dropped the multiplicative constants. We have also dropped
the term ~ pgf, since it will not contribute anything to the specific heat when
po = 0.

We can see immediately that a competititon exists between these two
terms in the free energy so that when d < 4 the first term will dominate and
when d > 4 the second term will dominate. The specific heat will be

C -~ Cnonsingular = az[ﬂ' (:u'Oa T) - 'g;r—xonsingular]/ oT?
~ P21 (poftP0) + 1% (o[ tP0) (14)

so that on the critical isochore

C - Cnonsingula.r ~ [dv_gfl(o); d < 4
~ ¥ 2,(0), d>4

From this it follows that the exponent o, which is determined by the domi-
nant term in Eq. (14), will be

o, =dv— 2= -4 — d)/(d - 2), d<4
=4y — 2 =0, d>4
where we have inserted the values v = 1/(d — 2) for d < 4 and v = } for
d > 4 from Table III.

We can also obtain the exponent «, [defined in Eq. (12)] from Eq. (14)
and we find that

oy = dv — 2

I

~@-dld~-2, d<4
=4 — D)2, d> 4

That is, if we differentiate Eq. (14) until one of the terms diverges, we will
find that it is always the first term which contains the divergence.®

We see then that when d < 4, the dominant term in F(u,, T) (Which is
what the exponent o, picks out) will be the same as the leading term singular
in the temperature (which is what the exponent e, picks out). However, when
d > 4 the dominant term in Eq. (13) will not be the same as the leading term
singular in the temperature. The exponents o, and «, therefore describe

8 This occurs even when d is an even integer. This is because the first two terms in the
expansion for F [see Eq. (6)] diverge separately when o is an integer but combine to
yield a term proportional to x° ~* log x. See Ref. 16. In this case the term proportional
to t%-2 in the free energy would be multiplied by a term of the order of log z.
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different aspects of the behavior of the specific heat and they cannot in
general be used interchangeably.

One question that might be raised is whether the second term in Eq. (14),
which is proportional to #%,(u/t?%) when d > 4, should be included in the
term €, eimeniar ON the left-hand side of Eq. (14), since at first sight it appears
to be nonsingular. It can be shown, however, that although this term is
nonsingular in the temperature variable, the function f; contains a singularity
with respect to the field variable p, and is, in fact, the origin of the suscepti-
bility divergence when & > 4. Therefore it should not be included in the term
Consinguiar a0d our determination of «;, is correct.

We can ask further whether it is the exponent o, or «, which belongs in
the relation dv = 2 — «. By inspection of Egs. (13) and (14) we can see that
the term in the free energy that is proportional to £-¢ is always the term that
contains the leading singularity with respect to the temperature variable, so
that this term will also be proportional to #2~%. Thus the fourth relation on
Table 1I should read

dv =2 — o

The reasoning that we quoted earlier for the fourth relation dv = 2 — «
is now seen to be correct only if one recognizes that it is the term in the free
energy density associated with the exponent o, that is proportional to kT'/£¢
for all d rather than the free energy density itself which is proportional to
kT [

The relation y = (2 — n)v is always satisfied by the ideal Bose gas. This
is not surprising since this relation was obtained by assuming that the corre-
lation function has a homogeneous form and the Bose gas does indeed have
the postulated homogeneous form [compare Eqs. (3) and (10)].

We have seen that the first four scaling relations in Table II should read

8 =1+ y/B, op + 284y =2, 2 —qp =y, dv =2 — q
When the dimensionality is less than four «, = «,, so that we can just call
these two exponents «, as is normally done, and we can then combine these
relations to give us the rest of the relations in Table I. However, when d > 4,
oy, # o, and therefore any relations which were derived by combining the
first four relations and assuming that e, and «; are indistinguishable will not
be valid for all dimensions. The correct form for the last four scaling relations
in Table II include a term proportional to o, — «, as follows:

dv-—'y-——2,8+(cxh—ocs)
vd—2+7) =28+ (& — &)
2—n=d@ - 1[[8+ 1+ (e — «)/B]
=dy[2B + v + o — «)
d—=2+n=[2+ (4 — o) dBl/[8 + 1 + (@ — &)/B]
= [2dﬁ + (o — o‘s) d]/2 — O‘s)
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This leaves us with the problem of explaining why the physical arguments
described previously for the fifth relation are in error when d > 4 and how
they can be amended to include the extra «, — «,. The solution to this
problem is elusive because the specific heat does not enter into the argument
at all. For the Bose gas, the point at which the argument breaks down is the
assumption (Ap.)?2 ~ (p; — p)> [Eq. (4)] rather than the assumption
(Apge)? ~ 977 We find that the mean square density fluctuations in a volume
of size ~ ¢¢ are smaller than (p, — p,)? or more specifically

(Bp:a)? ~ (p — pg)** =%

Thus, for the ideal Bose gas we have confirmed Stell’s conclusion that [Ref. 9,
especially Egs. (11), (15), and (16)]

(Apga)® ~ (p; — pg)?*?

with p > 0in higher dimensions. Use of our28 + (&, — «)/f =v(d — 2 + )
further confirms his p = ¢(d — 2 + 73), where ¢ = v/8 in the Bose gas. In
this context, Stell defines his “second length™ as the A for which

(Apad)® = (o1 — po)?

is satisfied.

SUMMARY AND CONCLUSIONS

We have sought to understand why certain of the scaling relations are not
satisfied by the ideal Bose gas (and therefore by the spherical model) when the
dimensionality is greater than four. We have found that this occurs because
of a competitition that exists between two leading terms in the free energy

37(”’0, T) - egf:ousingular ~ td‘.’fl(f"’O/tB(s) + t4‘.,f2(7r0/tﬁé)

as the critical point is approached. When the dimensionality is less than four,
the term proportional to % dominates, as is consistent with the assumption
(see Section 2.3) that the free energy be proportional to kT/£%. When the
dimensionality is greater than four, the term proportional to #** dominates
and the former assumption is no longer correct.”

A careful examination of the physical arguments reveals that the scaling
relations will continue to hold even when & is not proportional to kT'/£%,
if we recognize that there are not one, but two specific heat exponents which
belong in the scaling relations. These two exponents, which we have called «;
and «,, describe different aspects of the specific heat and are associated with
different terms in the free energy when d > 4. Each exponent has its own role

7 A similar argument that involves a related competition in G(r, &, ) for fixed small »
is given by Stell.1®
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in the scaling relations; the exponent o; belongs in the scaling relation
o, + 28 + y = 2 and the exponent o, belongs in the scaling relation dv =
2 — a,. When the dimensionality is less than four, the exponents «;, and «;
are equal since they are associated with the same term in the free energy and
therefore the scaling relations take on the usual form with a single specific
heat exponent « (as given in Table I). When the dimensionality is greater than
four, the exponents o, and o, are not equal since they are associated with
different terms in the free energy and therefore the scaling relations take the
form given below.

The exponents o, and o, are defined in the following way: If the first
temperature derivative of the specific heat to diverge is the mth one, then
is given by

onC 0T, ~ t %™
The exponent o, is defined as
62('97(11'0’ T) e g(rnonslngular)/aTz ~ 1%

One can see therefore that the exponent «, picks out the leading term in the
specific heat that is singular with respect to the temperature, while the
exponent o, just picks out the leading term in the singular part of the specific
heat. Here, by a singular function we mean that one of the function’s deriva-
tives with respect to either the temperature or the field (or both) diverges.
When d > 4, the leading term in the singular part of the specific heat is not
the same as the leading term in the specific heat that is singular with respect
to the temperature. This is because the leading term in the singular part of the
specific heat is analytic in the temperature but singular in the field. For this
reason o and o, are not the same when d > 4.
The correct form for the scaling relations is

=1+ o+2B8+y=2 Q-np=y, d=2-q
A~y =28+ (ap—a), vd—~2+7n) =28+ (0 — )
2—n=d@ - D[+ 1+ (o — «)/B]
=dy[[28 + v + o — a
d—=24+n=[2+ (& — a)dfl[8 + 1 + (& — «5)/B]
= [2dB + d(op — )]/(2 — )

This is consistent in all dimensions and is correct for the Bose gas.
We think that it (or appropriate generalizations) will also be satisfied by any
of the models which have heretofore been thought to -violate scaling in
greater than four dimensions. This includes the spherical model, the spherical
model with long-range interactions, and Ornstein—Zernike systems.18:19

Finally, we would like to comment on the relationship between the
scaling form of the correlation function and the scaling form of the free
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energy for the Bose gas. It can be shown in general® that if the correlation
function in nonzero field G(r, 4, t) has a scaling form, then the free energy
F(h, T) will also have a scaling form. More explicitly, if G(r, h, T) has the
scaling form

G@r, h, Ty ~ r=9=2+*mD(r[t =, h[t5)
then the free energy will have the scaling form
F(h, T) ~ 12~ % W(h[t”)

where 2 — o, =28 + v = B(6 + 1). This can be seen by integrating
G(r, h, T) once with respect to » to obtain the susceptibility and then by
integrating twice with respect to A4 to obtain the free energy. On the other
hand, in the Bose gas when d > 4, the free energy #(u,, T') has a scaling
form which contains a term proportional to 2~ % in addition to the expected
term proportional to 2~ %, i.e.,

Fpo, T) ~ 127 Wi (uoft?0) + 127 % Wyluo/t?)

Since the correlation function for the Bose gas has a scaling form, we must
ask what is wrong with the type of analysis described above and where does
the second term come from. The answer lies in the fact that if the second
order term in the expansion for the correlation length near the critical point
(6t ~ ¢l + t* +--]) is included in the analysis, the correct form for
(o, T) will be obtained. Thus the term proportional to #2-% in the free
energy of the Bose gas when d > 4 is a correction to scaling that arises because
of a second-order term in the expansion for the correlation length.
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